Abstract. Given L a solvable Lie Algebra of operators acting on a Banach space E, we study the action of the opposite algebra of L, L ′ , on E * . Moreover, we extend S lodkowski joint spectra, σ δ,k , σ π,k , and we study its usual spectral properties.
Introduction
In [1] we defined a joint spectrum for a finite dimensional complex solvable Lie algebras of operators L acting on a Banach space E and we denoted it by Sp(L, E). We also proved that Sp(L, E) is a compact non void subset of
. Besides, if I is an ideal of L, the projection property holds. Furthermore, if L is a commutative algebra, this spectrum reduces to the Taylor joint spectrum ( [5] ).
Let a be an n-tuple of commuting operators acting on E, a = (a 1 , .., a n ). Let a * be the adjoint n-tuple of a, i.e., a * = (a * 1 , ..., a * n ), where a * i is the adjoint operator of a i . Then a * is an n-tuple of commuting operators acting on E * , the dual space of E. If σ(a) (respectively σ(a * )) denotes the Taylor joint spectrum of a (respectively a * ), it is well known that σ(a) = σ(a * ). If we consider a solvable non commutative Lie algebra of operators L contained in L(E), the space of bounded linear maps on E, its dual, L * = {x * : x ∈ L} defines a solvable Lie subalgebra of L(E * ) with the opposite bracket of L. One may ask if the joint spectra of L and L * in the sense of [1] coincide. In the solvable non commutative case, in general, the answer is no.
We study this problem and prove that Sp(L, E) and Sp(L * , E * ) are related: one is obtained from the other by a traslation, i.e., Sp(L, E) = Sp(L * , E * ) + c, where c is a constant. Moreover, we characterize this constant in terms of the algebra and prove that in the nilpotent case c = 0.
In the second part of our work, we study σ δ,k and σ π,k , the S lodkowski spectra of [4] . We extend then to the case of solvable Lie algebras of operators and verify the usual spectral properties: they are compact, non void sets and the projection property for ideals still holds.
The paper is organized as follows. In section 2 we review several definitions and results of [1] . In section 3 we study the relation between Sp(L, E) and Sp(L * , E * ), the dual property. In section 4 we extend S lodkowski spectrum and prove its spectral properties.
Preliminaries
We shall briefly recall several definitions and results related to the spectrum of a solvable Lie algebra of operators ( [1] ).
From now on, L denotes a complex finite dimensional solvable Lie algebra. E denotes a Banach space on which L acts as right continous operators, i. e., L is a Lie subalgebra of L(E).
Let f be a character of L and suppose that n = dim L. Let us consider the following complex, (E ⊗ ∧L, d(f )), where ∧L denotes the exterior algebra of L and 
As in [1] , we consider an n-1 dimensional ideal of L, L n−1 , and we decompose E ⊗ ∧ p L in the following way
where x n ∈ L and it is such that
is an ideal of codimension 1 of L, we may decompose the operator d p (f ) as follows
where a ∈ E ⊗ ∧ p−1 L n−1 and L p is the the bounded linear endomorphism defined on
whereˆmeans deletion and
Now we consider the following morphism defined in [3, 2] . Let θ(x n ) be the derivation of ∧L that extends the map ad(
where w : ∧ L → ∧L is the map
Let u belong to ∧L and ǫ(u) be the following endomorphism defined of ∧L:
where a ∈ ∧L
The Dual Property
Let L and E be as in section 2. Let E * be the space of continous functionals on E. Let L ′ be the solvable Lie algebra defined as follows: as vector space, L = L ′ , and the bracket of L ′ is the opposite of the one of L; that is:
L ′ is a complex finite dimensional solvable Lie algebra and L 2 ⊥ = L ′ 2 ⊥ . As L acts as right continous operators on E, the space L * = {x * : x ∈ L} has the Lie structure of the algebra L ′ and acts as right continous operators on E * . Observe that in the definition of ǫ, ι and ρ, we only consider the structure of L as vector space. As L and L ′ coincide as vector spaces, then ∧L = ∧L ′ and we may consider
and L n−1 has the basis
As in [3, 7] , if a ∈ ∧L * , we have
Then
Let us consider the maps 1
, respectively. We observe that formula (11), (12), (13) remain true.
Let us decompose, as in section 2,
where L * n−1 is the subspace of L * generated by {y j } 1≤j≤n−1 ({y j } 1≤j≤n is the dual basis of {x j } 1≤j≤n ).
A standard calculation shows the following facts:
where ρ n−1 is the isomorphism associated to the algebra L n−1 .
′ , E, L n−1 and ρ be as above and let f belong to
Then, the following diagram commutes:
Proof. By (4), (5)
As the bracket of L ′ is the opposite of the one of L, by (4) and (5),
On the other hand, by (13) 
whereθ(x i ) is the restriction of θ(x i ) to L i , the ideal generated by {x l } 1≤l≤i (1 ≤ i ≤ n). Then, if we consider the adjoint complex of (E ⊗ ∧L, d(f )) and the complex (E ⊗ ∧L ′ , d(g)), for each p,
That is, the following diagram commutes:
where w is the map of (8).
Proof. By means of an induction argument the proof may be derived from Proposition 3.1.
Theorem 3.3. Let L, L ′ and E be as above. If we consider the basis of L {x i } 1≤i≤n defined in (10)), then in terms of the dual basis in
whereθ(x i ) is as in Proposition 3.1.
Proof. Is a consequence of Theorem 3.2 and [4, Lemma 2.1].
Theorem 3.4. If L is a nilpotent Lie Algebra, then
Proof. By [2, Chapter V, Section 1], the basis {x i } 1≤i≤n of (10) may be chosen such that
Thenθ(x i ) = 0.
. By [2, Chapter V, Section 3], the basis of (10) may be chosen such that {x j } 1≤j≤k generates L 2 . As L 2 is a nilpotent ideal of L, trace θ(x i ) = 0, 1 ≤ i ≤ k. Then, we have the following proposition.
and E be as usual. Let us consider a basis of L as in the previous remark. Then
Then, as we have seen, if L is a nilpotent Lie algebra, the dual property is essentially the one of the commutative case. However, if L is a solvable non nilpotent Lie algebra, this property fails. For example, if L is the algebra
The extension of Slodkowski joint spectra
Let L and E be as in section 2. We give an homological version of S lodkowski spectra insteed of the cohomological one of [4] .
Definition 4.1. Let L and E be as in section 2.
We shall see that σ δ,k (L, E) and σ π,k (L, E) are compact non void subsets of L * and that they verify the projection property for ideals.
Let us show that σ δ,k (L, E) has the usual properties of a spectrum.
This complex is a parameterized chain complex of Banach spaces on
, and then in L * . However, this set is exactly σ δ,k (L, E).
Let L n−1 be an ideal of codimension 1 of L and let x n in L be such that L n−1 ⊕ x n = L. As in [5] and [1] , we consider a short exact sequence of complex. Let f belong to L * and denotef its restriction to L n−1 . Then
where p is the following map. As in section 2 we decompose
where
(E, C(f )). (iii) As in [5] and [1] , we have a long exact sequence of U(L) modules, where
where δ * p is the connecting operator.
(iv) As in [1] , we observe that if we regard the U(L) module
Proof. Is a consequence of Proposition 4.4. 
Proof. By Proposition 4.5 it is enough to show that
By refining an argument of [1] and [5] , we shall see that iff belongs to Σ p (L n−1 , E), then there is an extension off to
⊥ . Let us suppose that our claim is false, equivalently,
Let us consider the connecting map associated to the long exact sequence of Remark 4.3 (iii),
Since,
. Moreover, by Equations (4)and (5),
which implies that,
Let us consider the complex of Banach spaces and maps
Then, this is an analytically parameterized complex of Banach spaces on C, which is exact ∀f ∈ L 
Proof. It is a consequence of Theorems 4.2, 4.7, 4.8 and 4.9.
Remark 4.11. In [1] it was proved that the projection property for subspaces that are not ideals fails for Sp(L, E). As σ π0 (L, E)= σ δn (L, E) =Sp(L, E), the same result remains true, in general, for σ δk (L, E) and σ πk (L, E). 
Proof. It is a consequence of Theorem 4.9 and the proof of Theorem 3.4.
